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PRIMITIVE RECURSIVE BOUNDS FOR THE FINITE VERSION
OF GOWERS’ c0 THEOREM
KONSTANTINOS TYROS
Abstract. We provide primitive recursive bounds for the finite version of
Gowers’ c0 theorem for both the positive and the general case. We also provide
multidimensional versions of these results.
1. Introduction
In 1992W. T. Gowers (see [4]) obtained a stability result for real valued Lipschitz
functions defined on the unit sphere of c0. This result is actually a consequence of
a deep infinite dimensional Ramsey type result (see [1, 5, 16] as well as [8] for an
elegant proof). Our goal in this paper is to provide primitive recursive bounds for
the finite version of this Ramsey type result.
To state our results we need first to introduce some pieces of notation. By N we
denote the set of all non-negative integers. Let n, k be positive integers. By Xk(n)
we denote the set of all functions having domain the set {0, ..., n − 1}, range the
set {0, ..., k} and achieving the value k, i.e.,
Xk(n) =
{
f : {0, ..., n− 1} → {0, ..., k} such that f(i) = k for some 0 6 i < n
}
.
ByX[k](n) we denote the set of all functions having domain the set {0, ..., n−1} and
range the set {0, ..., k}. The setXk(n) discretizes the positive cone of the unit sphere
of ℓn∞, while X[k](n) discretizes the positive cone of the unit ball of ℓ
n
∞. The scalar
multiplication is captured by the following map. We define T : X[k](n) → X[k](n)
as follows. For every f ∈ X[k](n) and i ∈ {0, ..., n− 1} we set
T (f)(i) = max(0, f(i)− 1).
For every f in X[k](n), by supp(f), we denote the set of all i in {0, ..., n − 1}
such that f(i) 6= 0. A sequence F = (fi)
m−1
i=0 in X[k](n) is called block of length
m if (supp(fi))
m−1
i=0 forms a block sequence of nonempty finite subsets of N, that
is, max supp(fi) < min supp(fi+1) for all 0 6 i < m − 1. For a block sequence
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F = (fi)
m−1
i=0 in X[k](n), we define the positive subspace generated by F to be
〈F〉k =
{ ℓ∑
i=1
T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m,
ε1, ..., εℓ ∈ {0, ..., k − 1} and min
16i6ℓ
εi = 0
}
.
The first result in this paper is the following.
Theorem 1. For every triple of positive integers k,m, r, there exists a positive
integer n0 satisfying the following property. For every integer n > n0 and every
coloring of the set Xk(n) with r colors, there exists a block sequence F in Xk(n) of
length m such that the set 〈F〉k is monochromatic. We denote the least n0 satisfying
the above property by G(k,m, r).
Moreover, the numbers G(k,m, r) are upper bounded by a primitive recursive
function belonging to the class E7 of Grzegorczyk’s hierarchy.
For a detailed exposition on the Grzegorczyk’s classes we refer the reader to
[11]. A similar to Theorem 1 result (not obtaining, however, primitive recursive
bounds) have been recently proved in [12]. The proof of Theorem 1 is inspired by
Shelah’s proof for the Graham–Rothschild theorem (see [13, Theorem 2.2]), though
there are some novel arguments that do not appear in Shelah’ proof. Specifically,
given a coloring of the set Xk(n), the goal is, by passing to a subspace, to canonize
this coloring and make it insensitive in the following sense. Every two functions of
the form f and f + T (k−1)(f ′) have the same color, where f and f ′ are disjointly
supported. In order to achieve this insensitivity of a given coloring, we consider
the type of a function, a notion introduced in Section 3, that takes into account
the nonzero values of a function with no repetition. Using the finite version of the
Milliken–Taylor theorem, we first make the coloring to depend only on the type
of a function. An appropriate choice of functions, that eliminates several types,
generates a subspace on which the given coloring is insensitive.
Our second result involves functions taking also negative values. To state it,
we need to introduce some additional notation. Let n, k be positive integers. By
X±k(n) we denote the set of all functions having domain the set {0, ..., n−1}, range
the set {−k, ..., k} and achieving the value k or −k, i.e.,
X±k(n) =
{
f : {0, ..., n−1} → {−k, ..., k} such that |f(i)| = k for some 0 6 i < n
}
.
By X[±k](n) we denote the set of all functions having domain the set {0, ..., n− 1}
and range the set {−k, ..., k}. Moreover, we extend the map T : X[±k](n) →
X[±k](n) as follows. We set
T (f)(i) =


f(i)− 1, f(i) > 0
0, f(i) = 0
f(i) + 1, f(i) < 0
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for all f in X[±k](n) and i in {0, ..., n − 1}. For a block sequence F = (fi)
m−1
i=0
in X±k(n), i.e., (supp(fi))
m−1
i=0 is a block sequence, we extend the notion of the
positive subspace. In particular, we define the subspace generated by F = (fi)
m−1
i=0
to be
〈F〉±k =
{ ℓ∑
i=1
±T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m,
ε1, ..., εℓ ∈ {0, ..., k − 1} and min
16i6ℓ
εi = 0
}
.
On X±k(n) we consider the supremum metric, denoted by ρ∞, and defined as usual
ρ∞(f, g) = max
06i<n
|f(i)− g(i)|
for all f, g in X±k(n). Given a finite coloring c : X±k(n) → {1, ..., r}, we say that
a subset A of X±k(n) is approximately monochromatic if there exists some i0 in
{1, ..., r} such that for every f in A there exists an f ′ in X±k(n) with c(f
′) = i0
and ρ∞(f, f
′) 6 1.
Theorem 2. For every triple of positive integers k,m, r, there exists a positive
integer n0 satisfying the following property. For every integer n > n0 and every
coloring of the set X±k(n) with r colors, there exists a block sequence F in X±k(n)
of length m such that the set 〈F〉±k is approximately monochromatic. We denote
the least n0 satisfying the above property by G±(k,m, r).
Moreover, the numbers G±(k,m, r) are upper bounded by a primitive recursive
function belonging to the class E7 of Grzegorczyk’s hierarchy.
The reduction of Theorem 2 to Theorem 1 essentially relies on the choice of some
appropriate functions in X±k(n). This choice has been inspired by the approach in
[8] that makes use of −T instead of T for the proof of the general case.
Finally we consider multidimensional versions of the Theorems 1 and 2, which
are presented in Section 6.
2. Background Material
In this section we gather some background material needed in this paper.
2.1. Grzegorczyk’s hierarchy. In order to analyze the rate of growth of the
several bounds resulting from our arguments, we will make use of Grzegorczyk’s
hierarchy of the primitive recursive functions. In this section we overview the basic
facts related to this hierarchy.
By the term number theoretic function we mean a function of the form f : Nk →
N, where k is a positive integer. The basic examples of number theoretic functions
are the constant zero function z : N → N, the successor function S : N → N defined
by the rule S(n) = n+1 and the projection functions P kj : N
k → N, where j and k
are positive integers with j 6 k, defined by the rule P kj (n1, ..., nk) = nj .
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Let h be a number theoretic function of arity k and g1, ..., gk number theoretic
functions all of arity ℓ. We define the composition of h with g1, ..., gk to be the
function f of arity ℓ defined by the rule
f(n1, ..., nℓ) = h
(
g1(n1, ..., nℓ), ..., gk(n1, ..., nℓ)
)
.
The notion of primitive recursion possesses a central role in this setting. Let g,
h and f be number theoretic functions of arities k, k+2 and k+1 respectively. We
say that f is defined by primitive recursion from g and h if for every n, n1, ..., nk in
N we have {
f(0, n1, ..., nk) = g(n1, ..., nk)
f(n+ 1, n1, ..., nk) = h(f(n, n1, ..., nk), n, n1, ..., nk).
Definition 3. The class E of the primitive recursive functions is the smallest class
of number theoretic functions that contains the constant zero function, the successor
function and the projection functions, and is closed under composition and primitive
recursion.
We consider the following sequence (Eq)q of number theoretic functions. The
functions E0 : N
2 → N and E1 : N → N are defined by the rules E0(n,m) = n+m
and E1(n) = n
2 + 2, while for every positive integer q the function Eq+1 : N → N
is defined recursively by the rule{
Eq+1(0) = 2
Eq+1(n+ 1) = Eq(Eq+1(n)).
Clearly, each Eq is primitive recursive and for every positive integer q the function
Eq is increasing.
Moreover, we say that a class C of number theoretic functions is closed under
limited primitive recursion, if for every number theoretic functions f , g, h and j
such that
(i) g, h and j belong to C,
(ii) f is defined by primitive recursion from g and h,
(iii) f and j have the same arity and
(iv) f is pointwise bounded by j,
we have that f belongs to C.
Definition 4. The Grzegorczyk’s class E0 is the smallest class of number theoretic
functions that contains the constant zero function, the successor function and the
projection functions, and is closed under composition and limited primitive recur-
sion.
For every positive integer q the Grzegorczyk’s class Eq is the smallest class of
number theoretic functions that contains the function Eq−1, the constant zero func-
tion, the successor function and the projection functions, and is closed under com-
position and limited primitive recursion.
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Some of the basic properties of the hierarchy (Eq)q are isolated in the following
proposition (see [11, Section 2.2] for further details).
Proposition 5. The following hold.
(i) The hierarchy (Eq)q is strictly increasing and E =
⋃
q E
q.
(ii) If g, h belong to Eq for some q in N and f is defined by primitive recursion
from g and h, then f belongs to Eq+1.
(iii) For every integer q > 2 and every f in Eq there exists an m in N such that
for every n1, ..., nk in N we have f(n1, ..., nk) 6 E
(m)
q−1
(
max{n1, ..., nk}
)
,
where k is the arity of f.
By conclusion (iii) of the above proposition we have, in particular, that every
number theoretic function belonging to some class Eq is dominated by an increasing
unary function in the same class Eq. More generally, we have the following corollary.
Corollary 6. For every q in N and every f in Eq of arity k there exists a function
F in Eq of arity k that pointwise dominates f and satisfies
(1) F (n1, ..., nk) 6 F (m1, ...,mk)
for every choice of n1, ..., nk,m1, ...,mk with ni 6 mi for all i = 1, ..., k.
Thus, by the above corollary, we may assume that all primitive recursive func-
tions we are dealing with in the present paper satisfy the monotonicity property
described in (1).
2.2. The Milliken–Taylor Theorem. The proofs of Theorems 1 and 2 make use
of the finite version of the Milliken–Taylor theorem [10, 14]. To state it we need
to introduce some pieces of notation. Let m, d be positive integers with d 6 m.
A finite sequence s = (si)
m−1
i=0 of nonempty finite subsets of N is called block if
max si < min si+1 for all 0 6 i < m − 1. For a block sequence s = (si)
m−1
i=0 of
nonempty finite subsets of N we define the set of nonempty unions of s to be
NU(s) =
{⋃
i∈t
si : t is a nonempty subset of {0, ...,m− 1}
}
.
We say that a block sequence t = (ti)
d−1
i=0 of nonempty finite subsets of N is a block
subsequence of s if ti ∈ NU(s) for all 0 6 i < d. By Block
d(s) we denote the set of
all block subsequences of s of length d. Moreover, for simplicity, by Blockd(m), we
denote the set Blockd
(
({i})m−1i=0
)
. The finite version of the Milliken-Taylor theorem
is stated as follows.
Theorem 7. For every triple d,m, r of positive integers with d 6 m, there exists
a positive integer n0 with the following property. For every finite block sequence s
of nonempty finite subsets of N of length at least n0 and every coloring of the set
Blockd(s) with r colors, there exists a block subsequence t of s of length m such that
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the set Blockd(t) is monochromatic. We denote the least n0 satisfying the above
property by MT(d,m, r).
Moreover, the numbers MT(d,m, r) are upper bounded by a primitive recursive
function belonging to the class E6 of Grzegorczyk’s hierarchy.
Note that the case “d = 1” of Theorem 7 is the finite version of Hindman’s
theorem [7]. This finite version follows by the disjoint union theorem [6, 15] and
Ramsey’s theorem. The bounds for the disjoint union theorem given in [15], as
well as, the bound for the Ramsey numbers given in [3] are in E4. Using these
bounds, one can see that the numbers MT(1,m, r) are upper bounded by a primitive
recursive function belonging to the class E4 of Grzegorczyk’s hierarchy. The higher
dimensional case of Theorem 7 (that is, the case d > 2), follows by a standard
iteration argument similar to the one in Section 6 (see [2] for further details).
3. Types and Insensitivity
Let us start with some notation. Let d, n be positive integers with d 6 n and
F be a block sequence in Xk(n) (resp. in X±k(n)). We say that a block sequence
G = (gi)
d−1
i=0 in Xk(n) (resp. in X±k(n)) is a block subsequence of F if gi belongs
to 〈F〉k (resp. gi belongs to 〈F〉±k) for all 0 6 i < d. Moreover, by Block
d
k(F)
(resp. Blockd±k(F)) we denote the set of all block subsequences of F of length d. For
simplicity, by Blockdk(n) (resp. Block
d
±k(n)), we denote the set Block
d
k((k ·χ
n
{i})
n−1
i=0 )
(resp. Blockd±k((k · χ
n
{i})
n−1
i=0 )), where by χ
n
A we denote the characteristic function,
defined on {0, ..., n − 1}, of a finite nonempty subset A of N with maxA < n.
Finally, for every finite sequence b and every non-negative integer d less that or
equal to the length of b, by b|d, we denote the initial segment of b of length d.
The proof of Theorem 1 proceeds by induction on k. Central role in the proof
of the inductive step possesses the notion of insensitivity, which we are about to
define.
Definition 8. Let m,n, k be positive integers with m 6 n and F ∈ Blockmk (n). We
say that a coloring of the set Xk(n) is insensitive over F if for every f, f
′ in 〈F〉k
disjointly supported, we have that f and f + T (k−1)(f ′) have the same color.
Let as point out that the notion of insensitivity is hereditary. In particular, we
have the following easy to observe fact.
Fact 9. Let m,n, k be positive integers with m 6 n and F ∈ Blockmk (n). Also let
c be a coloring of the set Xk(n) and assume that c is insensitive over F. Then for
every block subsequence G of F, we have that c is insensitive over G.
In order to carry out the inductive step of the proof of Theorem 1 we need to
make an arbitrary coloring of the set Xk(n) insensitive over a long enough block
sequence F in Xk(n). To this end, we will need the notion of a type.
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Let n, k be positive integers. For every d 6 n, s = (si)
d−1
i=0 in Block
d(n) and
g ∈ X[±k](d), we set
map(g, s) =
d−1∑
i=0
g(i)χnsi
which is clearly an element of X[±k](n). Moreover, for every d 6 n, a type of
length d over k (resp ±k) is a function ϕ in Xk(d) (resp. X±k(d)), such that
ϕ(i) 6= ϕ(i + 1) for all 0 6 i < d − 1 and supp(ϕ) = {0, ..., d − 1}. By |ϕ|, we
denote the length of a type ϕ. Observe that for every function f in X±k(n) there
exist a unique type of some length d 6 n, which we denote by tp(f), and a unique
block sequence of nonempty finite subsets of N of length d, which we denote by
bsupp(f), such that f = map(tp(f), bsupp(f)). Finally, for d 6 n and s = (si)
d−1
i=0
in Blockd(n), we define the spaces generated by s as Xk(s) = 〈(k · χ
n
si
)d−1i=0 〉k and
X±k(s) = 〈(k · χ
n
si
)d−1i=0 〉±k. By Theorem 7 we obtain a canonicalization of a given
coloring with respect to the types.
Lemma 10. Let m,n, k, r be positive integers, with n > MT(m, 2m− 1, rα), where
α =
∑m
d=1 d(k − 1)
d−1. Then for every coloring of the set Xk(n) with r colors,
there exists s in Blockm(n) such that every f, f ′ in Xk(s) of the same type have the
same color.
Proof. First let us observe that for every positive integer d the number of types
over k of length d is at most d(k − 1)d−1. Thus the number of types over k of
length at most m is at most α. Let c : Xk(n) → {1, ..., r} be a coloring. Also let
T be the set of all types over k of length at most m and X the set of all the maps
from T into {1, ..., r}. As we have already pointed out the set T has cardinality at
most α and therefore the set X has cardinality at most rα. We define a coloring
c˜ : Blockm(n) → X as follows. For every t in Blockm(n), we first define qt in X as
follows. For every type ϕ in T we set qt(ϕ) = c(map(ϕ, t|d)), where d is the length
of ϕ. Finally, we set c˜(t) = qt for all t in Block
m(n).
Since n > MT(m, 2m− 1, rα), applying Theorem 7, we obtain a block sequence
s′ ∈ Block2m−1(n) such that the set Blockm(s′) is c˜-monochromatic. That is, there
exists q in X such that for every t in Blockm(s′) we have that qt = q. We set
s = s′|m and we observe that s is as desired. Indeed let f, f ′ in Xk(s) of the
same type ϕ. Let d be the length of ϕ. Clearly 1 6 d 6 m. Since s is the initial
segment of s′ of length m and s′ is of length 2m − 1, we can end-extend both
bsupp(f) and bsupp(f ′) into t and t′ respectively elements of Blockm(s′). Clearly,
f = map(ϕ, t|d) and f ′ = map(ϕ, t′|d). Thus c(f) = qt(ϕ) = q(ϕ) = qt′(ϕ) = c(f
′).
The proof is complete. 
The above lemma is the main tool to obtain the color insensitivity by passing to
a subspace. In particular, we have the following.
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Lemma 11. Let m,n, k, r be positive integers, with
n > MT(m(2k − 1), 2m(2k − 1)− 1, rα),
where α =
∑m(2k−1)
d=1 d(k − 1)
d−1. Then for every coloring c of the set Xk(n) with
r colors, there exists F in Blockmk (n) such that c is insensitive over F.
Proof. Let c be a coloring of the set Xk(n) with r colors and p = m(2k− 1). Since
n > MT(m(2k − 1), 2m(2k − 1) − 1, rα), applying Lemma 10, we obtain a block
sequence s = (si)
p−1
i=0 ∈ Block
p(n) such that every f, f ′ in Xk(s) of the same type
have the same color. The desired block sequence F = (fi)
m−1
i=0 is defined as follows.
For every i = 0, ...,m− 1, we set
fi =
k−1∑
q=−(k−1)
(k − |q|) · χnsji+q ,
where ji = i(2k − 1) + k − 1. It is easy to see that F belongs to Block
m
k (n) and
〈F〉k is a subset of Xk(s). Thus every f, f
′ in 〈F〉k of the same type have the same
color. Moreover, for every i ∈ {0, ...,m− 1} the function fi has a “pyramid” shape
and, in particular, for every ε ∈ {0, ..., k − 1} we have that
T (ε)(fi)(max supp(T
(ε)(fi))) = T
(ε)(fi)(min supp(T
(ε)(fi))) = 1.
This easily yields that for every f, f ′ disjointly supported in 〈F〉k the functions f
and f +T (k−1)(f ′) are of the same type, since T (k−1)(f ′) is of the form χns for some
s in NU(s) disjoint to the support of f , and therefore of the same color. That is,
the color c is insensitive over F. 
4. Proof of Theorem 1
For the proof of Theorem 1 we need the following notation. For m,n positive
integers with m 6 n and F = (fi)
m−1
i=0 block sequence in Xk(n), we set
〈F〉[k] =
{ ℓ∑
i=1
T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m, ε1, ..., εℓ ∈ {0, ..., k − 1}
}
.
Proof of Theorem 1. We proceed by induction on k. The case k = 1 of the theorem
follows by Theorem 7 for “d = 1”. In particular, it is easy to observe that
(2) G(1,m, r) = MT(1,m, r)
for every choice of positive integers m and r. Assume that for some integer k > 2,
the theorem holds for k− 1. We will establish the validity of the theorem for k, by
showing that
(3) G(k,m, r) 6 MT(G(k − 1,m, r)(2k − 1), 2G(k − 1,m, r)(2k − 1)− 1, rα),
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where α =
∑G(k−1,m,r)·(2k−1)
d=1 d(k − 1)
d−1, for every choice of positive integers m
and r. Indeed, let m, r be positive integers and set M = G(k − 1,m, r). Also let n
be a positive integer with
(4) n >MT(M(2k − 1), 2M(2k − 1)− 1, rα),
where α =
∑M(2k−1)
d=1 d(k − 1)
d−1, and c a coloring of the set Xk(n) with r colors.
By (4) and Lemma 11 applied for “m =M”, we obtain F′ = (f ′i)
M−1
i=0 in Block
M
k (n)
such that the coloring c is insensitive over F′. We define a map Q : X[k−1](M) →
〈F′〉[k] by setting
Q(g) =
∑
i∈supp(g)
T (k−1−g(i))(f ′i)
for all g ∈ X[k−1](M). Let us isolate the following easy to observe properties of the
map Q.
(a) If g ∈ Xk−1(M), then Q(g) ∈ 〈F
′〉k.
(b) If (gi)
d−1
i=0 is a block sequence in Xk−1(M) then (Q(gi))
d−1
i=0 is also a block
sequence in 〈F′〉k.
(c) For every g ∈ X[k−1](M), we have T (Q(g)) = Q(T (g)) +
∑
i∈s T
(k−1)(f ′i),
where s = supp(g) \ supp(T (g)).
Hence, if (gi)
d−1
i=0 is a block sequence in Xk−1(M) and ε0, ..., εd−1 ∈ {0, ..., k − 2}
with min06i<d εi = 0, then
d−1∑
i=0
T (εi)
(
Q(gi)
)
= Q
( d−1∑
i=0
T (εi)(gi)
)
+
∑
i∈s
T (k−1)(f ′i),
where s =
⋃d−1
i=0 supp(T
(max{0,εi−1})(gi)) \ supp(T
(εi)(gi)), and therefore, by the
insensitivity of the coloring c over F′, we have that
(5) c
(
Q
( d−1∑
i=0
T (εi)gi
))
= c
( d−1∑
i=0
T (εi)(Q(gi))
)
.
We define a coloring c˜ of the set Xk−1(M) by setting c˜(g) = c(Q(g)) for all g ∈
Xk−1(M). Let us point out that the coloring c˜ is well defined due to property
(a) above. By the choice of M and the inductive assumption, we obtain a block
sequence G = (gi)
m−1
i=0 in Xk−1(M) such that the set 〈G〉k−1 is monochromatic
with respect to c˜. Therefore, setting F = (fi)
m−1
i=0 = (Q(gi))
m−1
i=0 , by the definition
of c˜ and (5), we have that the set
{ ℓ∑
i=1
T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m,
ε1, ..., εℓ ∈ {0, ..., k − 2} and min
16i6ℓ
εi = 0
}(6)
is monochromatic with respect to c. Since c is insensitive over F′ and F is a block
subsequence of F′, by Fact 9, we get that that c is insensitive over F. Hence, by (6),
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we get that 〈F〉k is monochromatic with respect to c and the proof of the inductive
step is complete.
Finally, by (ii) of Proposition 5, (2), (3) and the fact that the numbers MT(d,m, r)
are upper bounded by a function belonging to the class E6 of Grzegorczyk’s hierar-
chy we have that the numbers G(k,m, r) are upper bounded by a function belonging
to the class E7. 
5. Proof of Theorem 2
First let us extend the notion of the support. Let m,n, k be positive integers
with m 6 n and s in Blockm(n). We define the support of a function f ∈ X±k(s)
with respect to s as
supp
s
(f) = supp(g),
where g is the unique function in X±k(m) such that f = map(g, s). For f, f
′ in
X±k(s), we will say that the pair (f, f
′) is of s-displacement at most one if
min supp
s
(f) 6 min supp
s
(f ′) 6 min supp
s
(f) + 1 and
max supp
s
(f) 6 max supp
s
(f ′) 6 max supp
s
(f) + 1
Moreover, for F = (fi)
d−1
i=0 and F
′ = (f ′i)
d−1
i=0 block sequences in X±k(s) of some
length d 6 m, we will say that the pair (F,F′) is of s-displacement at most one if
the pair (fi, f
′
i) is of s-displacement at most one for all 0 6 i < d. Finally, we will
say that a block sequence F = (fi)
d−1
i=0 in X±k(s) of some length d 6 m is s-skipped
block if max supp
s
(fi) + 1 6 min supps(fi+1) for all 0 6 i < d − 1. Under this
terminology, we have the following immediate fact.
Fact 12. Let d,m, n, k be positive integers with d 6 m 6 n and s ∈ Blockm(n).
Also let F = (fi)
d−1
i=0 be an s-skipped block sequence in X±k(s) and f
′
0, ..., f
′
d−1
elements of X±k(s) such that the pair (fi, f
′
i) is of s-displacement at most one for
all 0 6 i < d. Then the sequence (f ′i)
d−1
i=0 is a block sequence in X±k(s) and the pair
(
∑d−1
i=0 fi,
∑d−1
i=0 f
′
i) is of s-displacement at most one.
Moreover, if in addition we have ρ∞(fi, f
′
i) 6 1 for all i = 0, ..., d − 1, then we
have that ρ∞(
∑d−1
i=0 fi,
∑d−1
i=0 f
′
i) 6 1.
The following functions posses central role in the proof of Theorem 2 and they
are inspired by the approach in [8]. Again let us fix a triple of positive integers
m,n, k with m 6 n and s = (si)
m−1
i=0 in Block
m(n). For every δ ∈ {1, ..., k} and
k − 1 6 ℓ 6 m− k, we define the function
q(δ, ℓ, s) =
δ−1∑
j=−(δ−1)
(−1)j(δ − |j|)χnsℓ+j ,
while for every non-positive integer δ by q(δ, ℓ, s) we denote the constant zero func-
tion. The basic properties of the functions q(δ, ℓ, s) are summarized by the following
easy to prove lemma.
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Lemma 13. Let ℓ,m, n, δ, k be positive integers with m 6 n, k − 1 6 ℓ 6 m − k
and 1 6 δ 6 k. Also let s ∈ Blockm(n). Then we have the following.
(i) T (q(δ, ℓ, s)) = q(δ − 1, ℓ, s).
(ii) If ℓ < m−k, then setting f = −q(δ, ℓ, s) and f ′ = q(δ, ℓ+1, s) we have that
(a) the pair (f, f ′) is of s-displacement at most one and
(b) ρ∞(f, f
′) = 1.
Let us also extend the notion of the positive subspace for block sequences in
X±k(n). For m,n, k positive integers with m 6 n and F = (fi)
m−1
i=0 in Block
m
±k(n)
we set
〈F〉k =
{ ℓ∑
i=1
T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m,
ε1, ..., εℓ ∈ {0, ..., k − 1} and min
16i6ℓ
εi = 0
}
.
The proof of Theorem 2 makes use of the following lemma, which gathers the
properties of the functions q(δ, ℓ, s) that we shall need.
Lemma 14. Let m,n, k be positive integers with 2km 6 n and s ∈ Block2km(n).
We set G = (gi)
m−1
i=0 = (q(k, ℓi, s))
m−1
i=0 where ℓi = 2ki+k−1 for all 0 6 i < m. Let
F be a block sequence in 〈G〉k. Then for every f ∈ 〈F〉±k there exist f
′ ∈ X±k(s)
and f ′′ ∈ 〈F〉k such that
(i) the functions f ′, f ′′ are of the same type,
(ii) ρ∞(f, f
′) 6 1,
(iii) the pair (f, f ′) is of s-displacement at most one and
(iv) supp(f) = supp(f ′′).
Proof. Let d be the length of F and F = (fj)
d−1
j=0 . Then for every j = 0, ..., d − 1
there exist a subset sj of {0, ..,m − 1} and a family (εi)i∈sj of elements from the
set {0, ..., k − 1} such that
(7) min
i∈sj
εi = 0
and fj =
∑
i∈sj
T (εi)(gi). By the definition of G and part (i) of Lemma 13, we get
that
(8) fj =
∑
i∈sj
q(k − εi, ℓi, s)
for all j = 0, ..., d− 1.
Let f ∈ 〈F〉±k. Then there exist a subset s˜ of {0, ..., d− 1}, a family (aj)j∈s˜ of
elements from {−1, 1} and a family (ε˜j)j∈s˜ of elements from {0, ..., k−1} such that
(9) min
j∈s˜
ε˜j = 0
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and
(10) f =
∑
j∈s˜
ajT
(ε˜j)(fj).
Since F is a block subsequence of G, we have that (sj)
d−1
j=0 is a block sequence of
nonempty finite subsets of N and, in particular, consists of pairwise disjoint sets.
Thus, setting p to be the cardinality of the set ∪j∈s˜sj and ∪j∈s˜sj = {i0 < ... <
ip−1}, we have that for every x = 0, ..., p− 1 there exists unique jx in s˜ such that
ix ∈ sjx . By equation (10) we have that
f =
∑
j∈s˜
ajT
(ε˜j)(fj)
(8)
=
∑
j∈s˜
ajT
(ε˜j)
(∑
i∈sj
q(k − εi, ℓi, s)
)
=
∑
j∈s˜
aj
∑
i∈sj
T (ε˜j)
(
q(k − εi, ℓi, s)
)
(Part (i) of Lemma 13)
=
∑
j∈s˜
∑
i∈sj
ajq(k − εi − ε˜j , ℓi, s) =
p−1∑
x=0
ajxq(k − εix − ε˜jx , ℓix , s).
(11)
For every x = 0, ..., p− 1 we set ℓ′ix = ℓix if ajx = 1 and ℓ
′
jx
= ℓjx + 1 if ajx = −1.
The sequence (q(k, ℓi, s))
m−1
i=0 , by its definition, is s-skipped block and therefore the
sequence (q(k − εix − ε˜jx , ℓix , s))
p−1
x=0 is s-skipped block. By part (ii) of Lemma 13,
for every x = 0, ..., p− 1 we have that the pair
(q(k − εix − ε˜jx , ℓix , s), q(k − εix − ε˜jx , ℓ
′
ix
, s))
is of s-displacement at most one and
ρ∞(q(k − εix − ε˜jx , ℓix , s), q(k − εix − ε˜jx , ℓ
′
ix
, s)) 6 1.
Thus, by Fact 12, we have that (q(k − εix − ε˜jx , ℓ
′
ix
, s))p−1x=0 is a block sequence and
setting
f ′ =
p−1∑
x=0
q(k − εix − ε˜jx , ℓ
′
ix
, s)
we have that ρ∞(f, f
′) 6 1 and the pair (f, f ′) is of s-displacement at most one,
i.e., parts (ii) and (iii) of the lemma are satisfied. Moreover, again by the fact that
the sequence (q(k − εix − ε˜jx , ℓ
′
ix
, s))p−1x=0 is block and by part (i) of Lemma 13, we
have that
f ′ =
p−1∑
x=0
q(k − εix − ε˜jx , ℓ
′
ix
, s) =
p−1∑
x=0
T (εix+ε˜jx )q(k, ℓ′ix , s).
Hence, by equations (7) and (9), we have that f ′ ∈ X±k(s).
We set
f ′′ =
p−1∑
x=0
q(k − εix − ε˜jx , ℓix , s).
By (11) and the definition of f ′′, we have that part (iv) of the lemma is satisfied.
Recalling that the sequence (q(k − εix − ε˜jx , ℓ
′
ix
, s))p−1x=0 is block, we observe that
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the functions f ′ and f ′′ are of the same type and therefore part (i) of the lemma is
satisfied. Finally, we have that
f ′′ =
p−1∑
x=0
q(k − εix − ε˜jx , ℓix , s) =
∑
j∈s˜
∑
i∈sj
q(k − εi − ε˜j , ℓi, s)
=
∑
j∈s˜
∑
i∈sj
T (ε˜j)
(
q(k − εi, ℓi, s)
)
=
∑
j∈s˜
T (ε˜j)
(∑
i∈sj
q(k − εi, ℓi, s)
)
(8)
=
∑
j∈s˜
T (ε˜j)(fj),
(12)
where the third equality holds by part (i) of Lemma 13. By (9) and (12), we have
that f ′′ ∈ 〈F〉k. The proof is complete. 
Finally, identical arguments to the ones used in the proof of Lemma 10 yield the
following.
Lemma 15. Let m,n, k, r be positive integers, with n >MT(m, 2m− 1, rβ), where
β =
∑m
d=1 2d(2k − 1)
d−1. Then for every coloring of the set X±k(n) with r colors,
there exists s in Blockm(n) such that every f, f ′ in X±k(s) of the same type have
the same color.
Actually, we prove the following slightly stronger version of Theorem 2. For its
proof, we will need some notation. For m,n, k positive integers with m 6 n and
F = (fi)
m−1
i=0 in Block
m
±k(n) we set
〈F〉[k] =
{ ℓ∑
i=1
T εi(fji) : ℓ 6 m, 0 6 j1 < ... < jℓ < m,
and ε1, ..., εℓ ∈ {0, ..., k − 1}
}
.
Theorem 16. Let m,n, k, r be positive integers with n > MT(2kM, 4kM − 1, rβ),
where M = G(k,m, r) and β =
∑2kM
d=1 2d(2k − 1)
d−1. Then for every coloring
c : X±k(n) → {1, ..., r} there exist s ∈ Block
2kM (n) and F ∈ Blockm±k(s) such that
(i) F is s-skipped block and
(ii) there exists i0 in {1, ..., r} such that for every f ∈ 〈F〉±k there exists f
′ ∈
X±k(s) such that c(f
′) = i0, ρ∞(f, f
′) 6 1 and the pair (f, f ′) is of s-
displacement at most one.
In particular, we have that 〈F〉±k is approximately monochromatic.
Proof. Let c : X±k(n) → {1, ..., r} be a coloring. Since n >MT(2kM, 4kM−1, r
β),
by Lemma 15 applied for “m = 2kM”, we have that there exists an s in Block2kM (n)
such that every f, f ′ in X±k(s) of the same type have the same color. We set
G = (gi)
M−1
i=0 = (q(k, ℓi, s))
M−1
i=0 where ℓi = 2ki + k − 1 for all 0 6 i < M as in
Lemma 14. Observe that G is s-skipped block.
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We define a map Q : X[k](M)→ 〈G〉[k] by setting
Q(g) =
M−1∑
i=0
T (k−h(i))(gi)
for all g in X[k](M). It is easy to observe that Q is 1-1 and onto, while Q restricted
to Xk(M) is 1-1 and onto 〈G〉k. Moreover, the image of every block sequence in
Xk(M) is a block sequence in 〈G〉k and the pre-image of every block sequence in
〈G〉k is a block sequence in Xk(M). Finally, for every g in X[k](M) we have that
Q(T (g)) = T (Q(g)). Under theses remarks, for every block sequence H = (hi)
d−1
i=0
in Xk(M), setting F = (Q(hi))
d−1
i=0 , we have that
(13) Q[〈H〉k] = 〈F〉k.
We define a coloring c˜ : Xk(M) → {1, ..., r} by setting c˜(g) = c(Q(g)) for all g ∈
Xk(M). By the definition ofM and applying Theorem 1 we obtain a block sequence
H = (hi)
m−1
i=0 in Xk(M) of length m such that the set 〈H〉k is c˜-monochromatic.
We set F = (Q(hi))
n−1
i=0 . Then F is a block subsequence of G of length m.
Moreover, since G is s-skipped block, we have that F is also s-skipped block, that
is, part (i) of the theorem is satisfied. By the definition of c˜, the fact that 〈H〉k is
c˜-monochromatic and (13) we have that the set 〈F〉k is c-monochromatic. Let i0 in
{1, ..., r} such that c(f) = i0 for all f in 〈F〉k.
In order to check the validity of part (ii) of the theorem, we fix f ∈ 〈F〉±k. By
the choice of G, the fact that F is a block subsequence of G and Lemma 14, we
have that there exist f ′ ∈ X±k(s) and f
′′ ∈ 〈F〉k such that
(i) the functions f ′, f ′′ are of the same type,
(ii) ρ∞(f, f
′) 6 1 and
(iii) the pair (f, f ′) is of s-displacement at most one.
By (i) and the choice of s, we have c(f ′) = c(f ′′) = i0. The proof is complete. 
Clearly, Theorem 16 yields Theorem 2 and, in particular, for every choice of
positive integers m, k, r we have that
G±(k,m, r) 6MT(2kM, 4kM − 1, r
β),
where M = G(k,m, r) and β =
∑2kM
d=1 2d(2k − 1)
d−1. Therefore, since the num-
bers MT(d,m, r) are upper bounded by a function belonging to the class E6 of
Grzegorczyk’s hierarchy and the numbers G(k,m, r) are upper bounded by a func-
tion belonging to the class E7, by (ii) of Proposition 5, we have that the numbers
G±(k,m, r) are upper bounded by a function belonging to the class E
7.
6. Multidimensional Versions
In this section we provide multidimensional versions of the Theorems 1 and 2.
A standard iteration of Theorem 1 yields the following.
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Theorem 17. For every quadrat of positive integers k, d,m, r with d 6 m, there
exists a positive integer n0 satisfying the following property. For every integer
n > n0 and every coloring of the set Block
d
k(n) with r colors, there exists a block
sequence F in Xk(n) of length m such that the set Block
d
k(F) is monochromatic.
We denote the least n0 satisfying the above property by MG(k, d,m, r).
Moreover, the numbers MG(k, d,m, r) are upper bounded by a primitive recursive
function belonging to the class E9 of Grzegorczyk’s hierarchy.
The metric ρ∞ defined on X±k(n) naturally induces a metric on Block
d
±k(n),
which we denote, abusing notation, by ρ∞. In particular, for every F = (fi)
d−1
i=0
and G = (gi)
d−1
i=0 in Block
d
±k(n), we define the distance between F and G as
ρ∞(F,G) = max
06i<d
ρ∞(fi, gi).
Finally, given a finite coloring c : Blockd±k(n) → {1, ..., r}, we say that a subset A
of Blockd±k(n) is approximately monochromatic if there exists some i0 ∈ {1, ..., r}
such that for every F in A there exists F′ in Blockd±k(n) with c(F
′) = i0 and
ρ∞(F,F
′) 6 1. We have the following multidimensional version of Theorem 2.
Theorem 18. For every quadrat of positive integers k, d,m, r with d 6 m, there ex-
ists a positive integer n0 satisfying the following property. For every integer n > n0
and every coloring of the set Blockd±k(n) with r colors, there exists a block sequence
F in X±k(n) of length m such that the set Block
d
±k(F) is approximately monochro-
matic. We denote the least n0 satisfying the above property by MG±(k, d,m, r).
Moreover, the numbers MG±(k, d,m, r) are upper bounded by a primitive recur-
sive function belonging to the class E9 of Grzegorczyk’s hierarchy.
6.1. Proof of Theorem 17. The method for obtaining Theorem 17 from Theorem
1 is quit standard. However, we include it for seasons of completeness. For every
two finite sequences F and G by FaG be denote the concatenation of F and G.
Lemma 19. Let d, ℓ1, N,N
′, n, k, r be positive integers such that d 6 ℓ1, N =
G(k,N ′, r(k+1)
dℓ1
) and ℓ1 +N 6 n. Also let G and F be block sequences in Xk(n)
such that
(ii) G is of length at most ℓ1,
(ii) F is of length N and
(iii) GaF is a block sequence.
Finally, let c : Blockd+1k (n) → {1, ..., r} be a coloring. Then there exists F
′ in
BlockN
′
k (F) such that for every H in Block
d
k(G) and every f, f
′ in 〈F′〉k we have
that c(Ha(f)) = c(Ha(f ′)).
Proof. Let X be the set of all functions from Blockdk(G) into {1, ..., r}. It is easy
to observe that the set Blockdk(G) is of cardinality at most (k+1)
dℓ1 and therefore
the set X is of cardinality at most r(k+1)
dℓ1
. We define a coloring c˜ : 〈F〉k → X by
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setting
c˜(f)(H) = c(Ha(f))
for all H in Blockdk(G) and f ∈ 〈F〉k. By the choice of N and Theorem 1, we
have that there exists F′ in BlockN
′
k (F) such that the set 〈F
′〉k is c˜-monochromatic.
Thus for every f, f ′ in 〈F′〉k we have that c˜(f) = c˜(f
′) and therefore for all H in
Blockdk(G) we have that c(H
a(f)) = c˜(f)(H) = c˜(f ′)(H) = c(Ha(f ′)). The proof
is complete. 
The next lemma follows by an iterated use of the above lemma. We will need
the following invariants. In particular, we define a function h : N5 → N as follows.
For every positive integers d, ℓ, r, k we inductively define
(14)
{
h(d, ℓ, r, k, 0) = 0
h(d, ℓ, r, k, x+ 1) = G(k, h(d, ℓ, r, k, x) + 1, r(k+1)
dℓ
).
Since the numbers G(k,m, r) are upper bounded by a function belonging to the class
E7 of Grzegorczyk’s hierarchy, by (ii) of Proposition 5, we have that the function h
is upper bounded by a function belonging to the class E8.
Lemma 20. Let d, ℓ, n, k, r be positive integers such that d < ℓ and n > d +
h(d, ℓ, r, k, ℓ − d). Also let c : Blockd+1k (n) → {1, ..., r} be a coloring. Then there
exists G in Blockℓk(n) such that for every J,J
′ in Blockdk(G) with J|d = J
′|d, we
have that c(J) = c(J′).
Proof. For every p = 0, ..., ℓ − d we set Np = h(d, ℓ, r, k, ℓ − d − p). Then by (14)
we have that
(15) Np−1 = G(k,Np + 1, r
(k+1)dℓ)
for every p in {1, ..., ℓ− d}. We also set G0 = (kχ
n
{i})
d−1
i=0 and F0 = (kχ
n
{i+d−1})
N0
i=0.
We inductively construct two sequences (Fp)
ℓ−p
p=0 and (Gp)
ℓ−p
p=0 satisfying the follow-
ing for every p = 0, ..., ℓ− d.
(C1) Gp belongs to Block
d+p
k (n) and Fp = (f
p
i )
Np
i=0 belongs to Block
Np+1
k (n).
(C2) If p < ℓ+ d, then Gap F
∗
p is a block sequence, where F
∗
p = (f
p
i+1)
Np−1
i=0 .
(C3) If p > 1, then Fp belongs to Block
Np
k (F
∗
p−1).
(C4) If p > 1, then Gp =G
a
p−1(f
p
0 ).
(C5) If p > 1, then for everyH in Blockdk(Gp−1) and f, f
′ in 〈Fp〉k, we have that
c(Ha(f)) = c(Ha(f ′)).
Observe that for p = 0 conditions C1 and C2 are satisfied, while C3-C5 are mean-
ingless. The inductive step of the construction is a straightforward application
of Lemma 19. Indeed, assume that for some p in {1, ..., ℓ − d} the sequences
(Gi)
p−1
i=0 and (Fi)
p−1
i=0 have been properly chosen. By (15), applying Lemma 19 for
“ℓ1 = ℓ > d+ p− 1”, “N = Np−1”, “N
′ = Np + 1”, “G = Gp−1” and “F = F
∗
p−1”,
we obtain Fp ∈ Block
Np+1
k (F
∗
p−1) such that for every H in Block
d
k(Gp−1) and ev-
ery f, f ′ in 〈Fp〉k we have that c(H
a(f)) = c(Ha(f ′)). Clearly conditions C1, C3
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and C5 are satisfied. Setting Gp = G
a
p−1(f
p
0 ) the proof of the inductive step is
complete. We set G = Gℓ−d. It is easy to check that G is as desired. 
Proof of Theorem 17. We proceed by induction on d. The base case d = 1 is
established by Theorem 1. In particular, we have
(16) MG(k, 1,m, r) = G(k,m, r)
for every choice of positive integers k,m, r. Assume that the theorem holds for some
positive integer d and let m, k, r be positive integers. We will prove the inductive
step by showing that
(17) MG(k, d+ 1,m, r) 6 d+ h(d,M + 1, r, k,M − d+ 1),
whereM = MG(k, d,m−1, r) and h is as defined in (14). Indeed, let n be a positive
integer with
(18) n > d+ h(d,M + 1, r, k,M − d+ 1).
Also let c : Blockd+1k (n) → {1, ..., r} be a coloring. By (18) and Lemma 20 for
“ℓ = M + 1”, we have that there exists G = (gi)
M
i=0 in Block
M+1
k (n) such that
for every J,J′ in Blockdk(G) with J|d = J
′|d, we have that c(J) = c(J′). We set
G∗ = (gi)
M−1
i=0 . We define a coloring c˜ : Block
d
k(G
∗) → {1, ..., r} by setting
c˜(H) = c(Ha(gM )).
By the inductive assumption and the definition ofM we obtain F∗ in Blockm−1k (G
∗)
such that the set Blockdk(F
∗) is c˜-monochromatic. We set F = F∗a(gM ). It is easy
to see that F is as desired.
Finally, since the numbers G(k,m, r) are upper bounded by a function belonging
to the class E7 of Grzegorczyk’s hierarchy and h is upper bounded by a function
belonging to the class E8, by (16), (17) and (ii) of Proposition 5, we have that the
numbers MG(k, d,m, r) are upper bounded by a function belonging to E9. 
6.2. Proof of Theorem 18. The reduction of Theorem 18 to Theorem 17 is similar
to the one of Theorem 2 to Theorem 1. We will need the analogues of Lemmas 10
and 14 for block sequences. To this end, we define the type of a block sequence
F = (fi)
m−1
i=0 in X[±k](n) by setting
tp(F) = (tp(fi))
m−1
i=0 .
Moreover for every k, d,m, n positive integers, with d 6 m 6 n, and s in Blockm(n),
by Blockd±k(s) we denote the set of all block sequences in X±k(s) of length d.
Lemma 21. Let d,m, n, k, r be positive integers, with d 6 m and
n >MT(m, 2m− 1, rγ),
where γ =
(
m
d
)
2dmd(2k − 1)d(m−1). Then for every coloring of the set Blockd±k(n)
with r colors, there exists s in Blockm(n) such that every F,F′ in Blockd±k(s) of
the same type have the same color.
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Proof. We set T to be the set of sequences ϕ = (ϕi)
d−1
i=0 of length d, such that
ϕi is a type over ±k for all 0 6 i < d and
∑d−1
i=0 |ϕi| 6 m. Observing that the
cardinality of the set of all types over ±k of some length ℓ 6 m is upper bounded
by 2ℓ(2k− 1)ℓ−1 6 2m(2k − 1)m−1, it easy to check that the cardinality of T is at
most γ. Therefore, setting X to be the set of all maps from T into {1, ..., r}, we
have that the cardinality of X is at most rγ .
Let c : Blockd±k(n) → {1, ..., r} be a coloring. Next we define a new coloring
c˜ : Blockm(n) → X as follows. For every ϕ = (ϕi)
d−1
i=0 in T we define ℓ
ϕ
0 = 0 and
ℓ
ϕ
i =
∑i−1
j=0 |ϕj | for all 1 6 i < d. Moreover, for every ϕ = (ϕi)
d−1
i=0 in T and every
t = (ti)
m−1
i=0 in Block
m(n) we define bl(ϕ, t) in Blockd±k(t) by the rule
bl(ϕ, t) =
(
map(ϕi, (tℓϕi +j
)
|ϕi|−1
j=0 )
)d−1
i=0
.
Clearly, for every choice of ϕ and t as above, we have that bl(ϕ, t) is of type ϕ.
Finally, for every t in Blockm(n) we define an element qt of X by setting for every
ϕ in T
qt(ϕ) = c(bl(ϕ, t)).
We define c˜ by setting c˜(t) = qt for all t in Block
m(n).
Since n > MT(m, 2m− 1, rγ), applying Theorem 7, we obtain a block sequence
s′ ∈ Block2m−1(n) such that the set Blockm(s′) is c˜-monochromatic. That is, there
exists q in X such that for every t in Blockm(s′) we have that c˜(t) = qt = q. We
set s = s′|m and we observe that s is as desired. Indeed, let F = (fi)
d−1
i=0 and
F′ = (f ′i)
d−1
i=0 in Block
d
±k(s) of the same type ϕ = (ϕi)
d−1
i=0 . Also let ℓ =
∑d−1
i=0 |ϕi|.
Clearly d 6 ℓ 6 m. Also let
t1 = bsupp(f1)
a...absupp(fd−1) and t
′
1 = bsupp(f
′
1)
a...absupp(f ′d−1).
Clearly, both t1 and t
′
1 are of length ℓ. Since s is the initial segment of s
′ of length
m and s′ is of length 2m − 1, we can end-extend both t1 and t
′
1 into t and t
′
respectively elements of Blockm(s′). Since F = bl(ϕ, t) and F′ = bl(ϕ, t′), we get
that c(F) = qt(ϕ) = q(ϕ) = qt′(ϕ) = c(F
′). The proof is complete. 
By Lemma 14, we have the following consequence. To state it we need a slight
modification of the existing terminology. For k, d, n positive integers with d 6 n
and F a block sequence in X±k(n) of length at least d, we denote by Block
d
k(F) the
set of all block sequences in 〈F〉k of length d.
Corollary 22. Let d,m, n, k be positive integers, with d 6 m and 2km 6 n, and
s ∈ Block2km(n). We set G = (gi)
m−1
i=0 = (q(k, ℓi, s))
m−1
i=0 where ℓi = 2ki + k − 1
for all 0 6 i < m. Let F be a block sequence in 〈G〉k. Then for every H = (hi)
d−1
i=0
in Blockd±k(F) there exist H
′ in Blockd±k(s) and H
′′ = (h′′i )
d−1
i=0 in Block
d
k(F) such
that
(i) the sequences H′,H′′ are of the same type,
(ii) ρ∞(H,H
′) 6 1,
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(iii) the pair (H,H′) is of s-displacement at most one and
(iv) supp(hi) = supp(h
′′
i ), for all 0 6 i < d.
Actually, we prove the following slightly stronger version of Theorem 18.
Theorem 23. Let d,m, n, k, r be positive integers with d 6 m and
(19) n >MT(2kM, 4kM − 1, rγ),
where M = MG(k, d,m, r) and γ =
(
2kM
d
)
2d(2kM)d(2k − 1)d(2kM−1). Then for
every coloring c : Blockd±k(n) → {1, ..., r} there exist s ∈ Block
2kM (n) and F ∈
Blockm±k(s) such that
(i) F is s-skipped block and
(ii) there exists i0 in {1, ..., r} such that for every H ∈ Block
d
±k(F) there exists
H′ ∈ Blockd±k(s) such that c(H
′) = i0, ρ∞(H,H
′) 6 1 and the pair (H,H′)
is of s-displacement at most one.
In particular, we have that Blockd±k(F) is approximately monochromatic.
Proof. Let c : Block±k(n) → {1, ..., r} be a coloring. By (19) and Lemma 21,
applied for “m = 2kM”, there exists an s in Block2kM (n) such that every H,H′
in Blockd±k(s) of the same type have the same color. We define G = (gi)
M−1
i=0 =
(q(k, ℓi, s))
M−1
i=0 , where ℓi = 2ki+ k − 1 for all 0 6 i < M , as in Corollary 22. We
define a map Q : X[k](M)→ 〈G〉[k], as in the proof of Theorem 2, by setting
Q(g) =
M−1∑
i=0
T (k−h(i))(gi)
for all g in X[k](M). Moreover, we define a map Qd : Block
d
k(M) → Block
d
k(G)
setting
Qd(H
′) = (Q(h′i))
d−1
i=0
for every H′ = (h′i)
d−1
i=0 in Block
d
k(M). It is easy to observe that Qd is 1-1 and onto.
Moreover, for every F′ = (f ′i)
ℓ−1
i=0 block sequence in Xk(M), setting F = (Q(f
′
i))
ℓ−1
i=0 ,
we have that the restriction of Qd on Block
d
k(F
′) is 1-1 and onto Blockdk(F). Finally,
we define a coloring c˜ : Blockdk(M)→ {1, ..., r}, setting c˜(H
′) = c(Q(H′)) for all H′
in Blockdk(M).
By the choice of M and Theorem 17, applied for the coloring c˜, we have that
there exists a block sequence F′ = (f ′i)
m−1
i=0 in Xk(n) of length m such that the set
Blockdk(F
′) is monochromatic with respect to c˜. We set F = (Q(f ′i))
m−1
i=0 . By the
definition of the coloring c˜, we have that Blockdk(F) is monochromatic with respect
to c. That is, there exists j0 in {1, ..., r} such that c(H) = j0 for allH in Block
d
k(F).
Let us observe that F is as desired. Indeed, observe that G is an s-skipped block
sequence and therefore, since F is a block subsequence of G, we have that F is an
s-skipped block sequence too, that is, part (i) of the theorem is satisfied. Let H in
Blockd±k(F). By the definition of G, the fact that F is a block sequence in 〈G〉k
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and Corollary 22, we have that there exist H′ in Blockd±k(s) and H
′′ in Blockdk(F)
such that
(i) the sequences H′,H′′ are of the same type,
(ii) ρ∞(H,H
′) 6 1 and
(iii) the pair (H,H′) is of s-displacement at most one.
Since H′,H′′ both belong to Blockd±k(s), by the choice of s and by (i) above, we
have that
(20) c(H′) = c(H′′).
Since H′′ belongs to Blockdk(F), we have that
(21) c(H′′) = j0.
By (20) and (21), we have that c(H′) = j0. By (ii) and (iii) above, the proof is
complete. 
Clearly, Theorem 23 yields Theorem 18 and in particular, for every choice of
positive integers d,m, k, r with d 6 m we have that
MG±(k, d,m, r) 6MT(2kM, 4kM − 1, r
γ),
where M = MG(k, d,m, r) and γ =
(
2kM
d
)
2d(2kM)d(2k − 1)d(2kM−1). Therefore,
since the numbers MG(k, d,m, r) are upper bounded by a function belonging to
the class E9 of Grzegorczyk’s hierarchy and the numbers MT(d,m, r) are upper
bounded by a function belonging to the class E6, by (ii) of Proposition 5, we have
that the numbers MG±(k, d,m, r) are upper bounded by a function belonging to
E9.
7. Concluding Remarks
It is easy to observe that X±k(n) does not admit the Ramsey property, just by
considering a coloring depending on the sign of the function at the minimum of its
support. It is natural then to ask whether X±k(n) admits a Ramsey degree (for
details concerning the notion of Ramsey degree, we refer the reader to [9]). The
answer turns out to be negative. In particular, the following holds.
Proposition 24. For every pair of positive integers K,n with n > 2K there exists
a coloring c : X±1(n)→ {1, ....,K} such that for every block sequence F in X±k(n)
of length 2K, we have that 〈F〉±k realizes all the colors.
Proof. Let K,n be positive integers with 2K 6 n. We define a coloring c :
X±1(n)→ {1, ....,K} by the rule
c(f) = (|tp(f)| mod K) + 1.
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The color essentially counts the “jumps” between the two non-zero values of the
function f . Let F = (fi)
2K−1
i=0 be a block sequence in X±k(n). For every i =
0, ...,K − 1, we set
gi = f2i
(
min supp(f2i)
)
· f2i + f2i+1
(
max supp(f2i+1)
)
· f2i+1.
Let us observe that (gi)
K−1
i=0 forms a block sequence of lengthK and gi(min supp(gi)) =
gi(max supp(gi)) = 1, for all 0 6 i < K. We set
h0 =
K−1∑
j=0
gj and hi =
i−1∑
j=0
(−1)jgj + (−1)
i
K−1∑
j=i
gj
for all 1 6 i < K. By this choice we have that hi ∈ 〈F〉±k and
(22) |tp(hi)| = |tp(h0)|+ i
for all 0 6 i < K. By (22) we have that the set {hi : 0 6 i < K} itself realizes all
the colors. The proof is complete. 
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